1 Introduction. BERNDT's proof simply verifies (as he himself explicitly notes) that RAMANUJAN's expansion coincides with the standard EULER expansion
where B k denotes the k th BERNOULLI number and γ := 0, 57721 · · · is EULER's constant.
However, BERNDT does not show that RAMANUJAN's expansion is asymptotic in the sense that the error in the value obtained by stopping at any particular stage in RAMANUJAN's series is less than the next term in the series.
We therefore offer the following simple derivation of the first three terms of RAMANUJAN's series as well as a rigorous error estimate which is asymptotic to the fourth term.
THEOREM:
Let m := n(n + 1) 2 , where n is a positive integer. Then
We observe that this expansion of H n does have the property that the error in the value obtained by stopping at any particular stage in it is less than the next term since the terms alternate in sign and decrease monotonically in absolute value.
PROOF:
We follow a hint from BROMWICH (Infinite Series. p.460, Exercise 18): set
Now, integrating by parts and using the partial fraction expansion of 1 k(k 2 − 1)
, and then integrating by parts again and using the partial fraction expansion of 1 k(k 2 − 1) 2 , we obtain
This step is the only "novelty" in our paper. BROMWICH requests a direct estimate of the original integral in his hint, and gives no suggestion that he was even aware of the extraordinary refinement which the two partial integrations give us.
Q.E.D.
A third integration by parts apparently does not lead to a nice partial fractions telescopic cancellation, and so we do not continue the expansion in powers of m.
However, if we look at the asymptotic behavior, as n → ∞, of the error term 8 15
we observe that the definition of m implies that n 2 ∼ 2m and therefore the error term 8 15
and the next term in RAMANUJAN's expansion is 1 630m 3 .
If we replace the asymptotic computations with rigorous inequalities we obtain the
COROLLARY:
For every positive integer n, the following equality is valid: 
